Introduction
A parameterized real analytic curve C in C is given by (1.1) C : t → x = a(t), y = b(t), t ∈ R where a, b are real-valued real analytic functions defined near the origin. We always assume that 0 ∈ C, and that all changes of coordinates are local and fix the origin. We say that two parameterized curves C andC are equivalent if there exist a biholomorphic map h and a real analytic diffeomorphism φ so that h(C(t)) =C(φ(t)). We also say that C,C are formally equivalent, if h is a formal biholomorphic map and φ is a formal real power series with φ ′ (0) = 0. Without parametrization, we shall see that (1.1) defines an irreducible real analytic set in C, or an analytic arc having the origin as the end point. An obvious invariant is the smallest integer n so that C(t) = γ(t) n for some real analytic γ(t) with γ ′ (0) = 0. Here the classification for γ is restricted to biholomorphic maps commuting with ν n : z → e 2πi/n z. We shall see, in next section, that classifications for the parameterized curves C that are not arcs, for the unparametrized curves C, and for the liftings γ are determined by each other, when the curves are not arcs. Some simple modifications will suffice to reduce the classification of arcs to that of non arcs.
We first formulate some results for smooth real analytic curves in C, under a change of holomorphic coordinates commuting with ν = ν n . Let γ be a smooth real analytic curve, and τ = τ γ be the anti-holomorphic reflection of γ. Associated with ν the indicator of γ is χ = ντ ν −1 τ . We start with Proposition 1.1. Let γ be a germ of smooth real analytic curve at 0 ∈ C. Then the indicator χ γ = ν n τ γ ν −1 n τ γ is linear if and only if χ γ is linearizable by some local biholomorphic mapping commuting with ν n . Also χ γ is linear if and only if γ is locally equivalent to y = 0 by some biholomorphic mapping commuting with ν n .
2000 Mathematics Subject Classification. Primary 32B10, 37G05. Research of the second author is supported in part by an NSF grant. is not linear if n does not divide p, and χ n n,p = id as long as n does not divide 2p. We have Theorem 1.2. Let n = 3 or 4. Let γ be a smooth real analytic curve. If χ = ν n τ γ ν −1 n τ γ is periodic and non-linear, then γ is equivalent to the curve defined by τ p (z) = z with n / | 2p, or to the curve defined by τ p (z) = z with n = 3 and 3 / | p, under a formal biholomorphic mapping commuting with ν n .
We do not know if the above normalization can be achieved by holomorphic mappings. Also, it seems a difficult problem to determine if the theorem holds for n ≥ 5. Of course when n = 2 there is no periodic indicator other than the identity. Next we turn to the formal classification. where the first non-zero coefficient r 2k is positive if r is not odd. Moreover,γ is unique. Ifγ is not a line, the group of formal biholomorphic mappings that commute with ν n and preserveγ consists of the identity map when r is not odd, or of ± id when r is odd.
The convergence problem for the above formal normalization is unsettled in general. We shall single out K r n,p , the family of real analytic curves γ, for which the indicators χ = ντ γ ν −1 τ γ satisfy χ n (z) = z + cz p+1 + · · · c = 0 and χ −n = νχ n ν −1 . Note that the latter always holds when n = 2. We shall see that K r n,p is non-empty if and only if n is even and 2p/n is odd, and it has exactly one formal equivalence class when p is odd, and two when p is even. The holomorphic classification is completely determined via applying the Ecalle-Voronin theory. In section 5 (see also notations therein), we shall show that there is an infinitely dimensional space M r n,p /∼ that classifies the equivalence classes of K r n,p . Theorem 1.4. Let n, p be positive integers with n even and 2p/n odd. When p is odd, there is a one-to-one correspondence between K r n,p /∼ and M r n,p /∼. When p is even, there is a one-to-one correspondence between K r n,p /∼ and the disjoint union of two copies of M r n,p /∼. By the above theorem we obtain Theorem 1.5. There is a one-to-one correspondence between the set of germs of real analytic curves tangent to the y-axis at the origin and the set of holomorphic equivalence classes of parametrized analytic curves x = t 2 , y = ct 3 + O(4), c = 0.
The parametrization (1.1) resembles the classical Puiseux expansion of singular holomorphic curves. In that aspect we shall prove that two parameterized real analytic curves (1.1) are always equivalent under a real analytic diffeomorphism of R 2 , if they are formally equivalent. Consequently, Theorem 1.4 implies Theorem 1.6. There exist real analytic curves (1.1), which are equivalent under both a formal biholomorphic mapping and a local real analytic diffeomorphism of C, and which are, however, not holomorphically equivalent.
The holomorphic equivalence problem for parameterized real curves was initially studied by Kasner [5] . He showed that all cusps x = t 2 + · · · , y = t 3 + · · · are formally equivalent. For n > 2, he calculated some rational invariant functions of coefficients of defining functions of the curves, which depend only on equivalence classes of the curves. He also indicated the existence of infinitely many invariant functions. Theorem 4.5 below gives a complete set of such invariant functions via the above formal normal form.
Nakai [7] further studied the equivalence problem for cusps x = t 2 + · · · , y = t 3 + · · · via the Ecalle-Voronin theory. A moduli space for such cusps is described as the set of equivalence classes of germs of real analytic curves at the origin under linear rotations. It is not clear to us how that moduli space was derived. Partly, Nakai's result was based on an incorrect assertion that the holomorphic equivalence of two non-periodic indicators which are not in the flows implies the equivalence of curves under biholomorphic mappings commuting with z → −z. It turns out that among holomorphically equivalent indicators of cusps x = t 2 +· · · , y = t 3 +· · · that are not equivalent to the curve z = −(1 − e it ) 2 there are exactly two equivalence classes under mappings commuting with z → −z; see Theorem 3.2 below.
Parameterized curves, liftings, and irreducibility
In this section we shall determine the relationships among the classifications of parameterized curves, of the unparametrized curves, and of smooth real analytic curves under mappings commuting with ν.
Let C ⊂ C be a formal curve given by x = a(t), y = b(t), where a or b is not identically zero. Recall that two parameterized formal curves C,C are formally equivalent, if there is a formal biholomorphic map and a formal real map φ, φ ′ (0) = 0, so thatC(t) = h(C(φ(t))). Applying the transformation z → −z and a reparameterization if necessary, one may assume that (2.1)
Denote by γ = γ C the smooth curve parameterized
Then γ(t) n = C(t). Assume now that C,C are two parameterized curves that are formally equivalent, i.e., thatC(t) = t n +ib(t) = h(C(φ(t))), where h with h ′ (0) = 0 is a formal transformation and φ is a formal real transformation with φ ′ (0) = 0. Put γ(t) = x(t) + iy(t). We have (x(t) + iy(t)) n = t n + ib(t). Also,
Note that b(t) = O(t n+1 ). The n-th roots of the above last term are the compositions of n h(z n ) and z = C • φ(t). Thus, there exists a unique root g(z) = n h(z n ) satisfying γC(t) = g(γ C (φ(t))). This shows that γC, γ C are formally equivalent by g commuting with ν. Conversely, if γC = gγ C φ for some formal maps g commuting with ν and for some formal real map φ, then h : z → (g( n √ z)) n = z + O(2) sends C intoC up to the same parametrization φ.
The above computation also shows that f C =Cφ, if and only if gγC = γCφ with gν = νg. In particular, φ ′ (0) > 0 if and only if g ′ (0) > 0. Analogous results also hold for convergent mappings. In summary, we have Proposition 2.1. Let C,C be real analytic curves of the form (2.1). Then f C =Cφ for some holomorphic (resp. formal) f and real analytic (resp. formal) φ with f ′ (0)φ ′ (0) = 0 if and only if the corresponding parameterized curves γ C , γC are holomorphically (resp. formally) equivalent by some g commuting with ν. Moreover, f C =Cφ and φ ′ (0) > 0 hold if and only if gγ C = γCφ for some g with g ′ (0) > 0.
Next consider the holomorphic equivalence of two real curves without parametrization. We say that two real curves C,C are holomorphically equivalent, if there is a biholomorphic mapping f : D →D with f (0) = 0 ∈ D so thatD ∩C = f (C ∩ D). We need to understand the relationship between the equivalence of two parameterized curves and that of two non-parameterized ones. Without loss of generality, we may assume that the real curves are of the form (2.1). The curves are divided into two groups: a) C \ {0} is connected, which occurs if and only if n and b are even. b) C \ {0} has two connected components. The curves in the first group are called arcs. For each C, define
in which k is the largest divisor of n for which b(t 1/k ) is the restriction a power series b * (t) to t ≥ 0. Note that if φ is a real analytic diffeomorphism, then
holds when k is odd, or when k is even and φ ′ (0) > 0. If b is an even function and n is even, then C = {C * (t) : t ≥ 0} and C = C * ; otherwise C * = C as sets. For the latter, it is obvious that if C * ,C * are holomorphically equivalent as parameterized curves, then C,C are equivalent as sets. When C,C are arcs, and when f (C * (t)) = C * (φ(t)) for some biholomorphic f and real analytic φ with φ
, which means f (C) =C as sets. We now want to show the converse holds also. Proposition 2.2. Two unparametrized curves C andC of the form (2.1) are holomorphically equivalent, if and only if f C * =C * φ for some biholomorphic f and real analytic diffeomorphism φ, in which φ ′ (0) > 0 when both C,C are arcs.
Proof. We first notice that the unparametrized real analytic curve (2.1) is a C 1 -smooth curve, when n is odd. When n is even and b is an even function, the real curve C is an arc with end-point 0. When n is even and b is not an even function, the real curve C is not C 1 smooth. Obviously, the above three types of curves are not holomorphically equivalent, with or without parametrization.
Let C j be given by x = t nj , y = b j (t) = O(|t| nj +1 ). Assume that there is a biholomorphic map f :
Consider first that n 1 and n 2 are odd. Since C j are C 1 -smooth graphes over the x-axis, there is a one-to-one continuous map φ so that f (C 1 (t)) = C 2 (φ(t)). Moreover, f ′ (0)
is real and Re{f (C 1 (t))} = αt n1 + O(|t| n1+1 ) with α = 0. Note that n 1 is odd. This shows that φ(t) n2 =φ(t) n1 for some real analytic diffeomorphismφ. Thus,
n1/n2 ). Let k be the largest integer so that C 1 (t 1/k ) remains a power series in t. Since f is biholomorphic, then k is also the largest integer for which f (C 1 (t 1/k )) remains a power series in t. Since k is odd, then f (
). Looking at the real parts, we know that t −1/kφ (t 1/k ) is a power series in t, i.e., thatφ(t 1/k ) = ψ(t) 1/k for some real analytic diffeomorphism ψ.
Now we can write
). Next, we want to show that n 1 /k = n 2 /k, by which the proof is complete. Writẽ kn 1 /(kn 2 ) = p/q with (p, q) = 1 and q ≥ 1. If q > 1, the Taylor coefficients of C * 2 (t) tell us that C * 2 (t 1/q ) = C 2 (t 1/(qk) ) is still a power series in t, which contradicts to the choice ofk. Therefore, p/q ≥ 1; analogously q/p ≥ 1. Hence p/q = 1.
Consider next that n 1 , n 2 are even and neither of b 1 (t), b 2 ((t) is an even function. In this case, we still have a one-to-one continuous map φ so that f (C 1 (t)) = C 2 (φ(t)). Since C 1 , C 2 are located on the closed right half-plane, we have f ′ (0) > 0 and Re{f (C 1 (t))} = αt n1 + O(|t| n1+1 ) with α > 0. Thus φ(t) n2 =φ(t) n1 for some real analytic diffeomorphismφ withφ
, by takingψ = ǫψ. Finally consider that n 1 , n 2 are even and both b 1 , b 2 are even functions. Then there is a one-to-one continuous map φ so that f (C 1 (t)) = C 2 (φ(t)). In fact we may assume that φ(t) > 0 for t > 0, which allows us a simpler computation. We have f (C 1 (t)) = C 2 (φ(t) n1/n2 ) withφ(t) > 0 for t > 0. Let k be as before. Then
For a parametrized formal real curve C, which is not necessarily in the form (2.1), we can define k to be the largest positive integer so that C(t) = C * (φ(t) k ) for some formal real map φ with φ ′ (0) = 0. Thus the k is also a formal invariant. One can also determine the k from γ C as follows. Proposition 2.3. Let k be a positive integer. Let γ(t) = t + ir(t) with r(t) = O(2) a real analytic function, and let τ γ be the anti-holomorphic involution of γ.
), and hence that r(x) = ν k r(ν
One can see that the converse holds also.
Assume now that k divides n.
n is of the desired form. Assume that bν k = b and γ(t) n = φ(t) n + ib(φ(t)). We need to show that
, that the latter preserves γ also. We have γ(t)
Irreducibility of parameterized curves. Consider a real curve C in R 2 given by
The complexified curve of C c ⊂ C 2 is given by the same equations with t ∈ C. For each x ∈ C, let x 1 , . . . , x n be n-th roots of x. Define
By removable singularities, we know that r(x, y), real-valued on R 2 , is holomorphic near 0 ∈ C 2 and C c is the zero set of r. We need the following
is an irreducible germ of analytic curve at the origin. Moreover, r(x, y) is irreducible as a germ of holomorphic function in x, y, if and only if b(t) is not a power series in t k for some k > 1 dividing n.
Proof. We want to show that
Since the zero set of r is irreducible, one readily sees that r =r k for some k > 1 and for some irreducibler. Consequently, we get
α for all x close to 0 when a α ≡ 0. Otherwise, let α 0 be the smallest integer so that a α0 (x) has the smallest order of vanishing at x = 0, say order k 0 ≥ 0, and so that
which is a contradiction. The claim is verified. Now let α 1 , . . . , α s be the set of α with a α ≡ 0, and let k ′ be the greatest common divisor of α 1 , . . . , α s , α s+1 = n. We have x αj i1 = x αj 11 for all j and hence x
with x 11 (x)e 2πi(j−1+(i−1)n/k)/n in (2.4) shows the reducibility of r, where x 11 (x) is a principal value of x 1/n .
Proposition 2.5. Let C,C be real analytic curves in R 2 given by x = t n , y = b(t) and by x = t n , y =b(t) respectively, where b(t),b(t), of order > n, are not power series in t k for any k > 1 dividing n. If C,C are equivalent by formal mappings of R 2 , they are real analytically equivalent also.
Proof. Consider the complexifications C c ,C c given by the same equations but with t ∈ C. By Proposition 2.4, C c andC c are zero sets of irreducible holomorphic functions r(x, y) = y
k=1r k (x)y k , respectively. We know that for the complexifications C c ,C c there are formal power series H and φ so that H(C c (t)) =C c (φ(t)). Since r is a polynomial in y, we havẽ r(H(x, y)) = U (x, y)r(x, y) + r 0 (x, y) for some polynomial r 0 in y of degree less than n, whose coefficients are real formal power series in x. Since r(x, y) is irreducible as an analytic function, by the Artin approximation theorem [2] it is also irreducible as a formal power series in x, y; in particular r(t n , y) is irreducible in
. We now see that
, which is true only if r 0 ≡ 0, since r 0 has a smaller degree in y.
Withr(H(x, y)) = U (x, y)r(x, y), by the Artin approximation theorem again there are a real analytic mapping h, tangent to H, and an analytic real function u(x, y) so thatr • h = u · r. Since C,C are not arcs, this shows that h is a real analytic diffeomorphism, sending the set C ontoC.
Alternatively, given an analytic real curve C : x = a(t), y = b(t), one says that C c : t → R(a(t), b(t)), t ∈ C is a complexification of C, if R is a totally real and real analytic local embedding of R 2 into C 2 . Note that any two complexifications of C are holomorphically equivalent, and that if C,C are formally equivalent as parameterized curves, their complexifications are also formally holomorphically equivalent as parameterized curves. To see this, let F C =Cφ and let C c andC c be complexifications through totally real and real analytic embeddings R,R. The complexificationF ofRF R −1 satisfiesRF R −1 (C c (t)) =R(φ(t)), as formal power series in t.
We also remark that using the Puiseux expansion one knows that an irreducible real analytic curve in C can be parametrized by (1.1) (e.g. see [9] ).
Indicators of the curves
In this section we shall discuss how indicators χ = ν n τ γ ν −1 n τ γ determine the equivalence classes of the curves γ. We first show that if the indicator of a curve is linear, the curve can be straightened by some biholomorphic mapping commuting with ν n also. We do not know how non-linear periodic indicators determine curves. We shall show that the equivalence class of a non-periodic indicator always determines that of the curve. Finally we shall determine the number of equivalence classes of indicators (under biholomorphic mapping commuting with ν) among indicators which are equivalent under general biholomorphic mappings, when χ n are reversible by ν.
From section two we see that the classification of parameterized singular real analytic curves of type x = t n , y = b(t) = O(n + 1) is reduced to the classification of smooth real analytic curves under biholomorphic mappings that commute with ν n . In this section and next, we will therefore assume that all real analytic curves are tangent to the x-axis. Thus the corresponding anti-holomorphic involutions are tangent to ρ(z) = z.
LetĈ(f ) be the set of biholomorphic maps commuting with f , and C(f ) the set of g ∈Ĉ(f ) tangent to the identity. Let A p be the set of holomorphic maps z → z + cz p+1 + · · · with c = 0. Assume that f ∈ A p . ThenĈ(f ) is abelian. When f is in a flow, i.e., a time-one map of some holomorphic vector field a(z)
is generated by some periodic centralizer ω of order p and C(f ). When f is not in a flow,
, and ω, with order δ, generates periodic elements of C(f ). One knows that δ|q and q|p for q = |Ĉ(f )/C(f )|, and that τ Proof of Proposition 1.1. Let τ be an anti-holomorphic involution, and let χ = ντ ν −1 τ . Since the linear part is ν 2 n , it is clear that χ is linear if and only if it is linearizable by some biholomorphic mapping commuting with ν. We need to show that if χ is linear, if and only if there is a biholomorphic g = νgν −1 so that gτ g −1 = ρ. Suppose that there exists g satisfying gν = νg and gτ g −1 = ρ. Then
. Applying a linear transformation, we assume that τ 1 = 1. Let g = id +ρτ . Then gτ = τ + ρ and ρg = ρ + τ . Hence gτ g
Non-trivial periodic indicators. For each integer n > 1, put n * = n when n is odd and n * = n/2 otherwise. Let
It is easily verified that τ is an anti-holomorphic involution. Now let ν be a primitive n th root of unity. Then we see that ντ ν
Note that χ n,p is not linear if n does not divide p. Next we can verify by induction on k that
It follows that χ n * n,p (z) = z, as long as n does not divide 2p. Non-periodic indicators and curves. For each h ∈ A p , let h t with t ∈ C be formal centralizers of h that are tangent to the identity. Note that h t (z) is a formal power series in z whose coefficients are polynomials in t, and that h t agrees with the usual iterate when t is an integer. Moreover,
when g is holomorphic, and (ghg −1 ) t = gh t g −1 when g is anti-holomorphic.
Proposition 3.1. Let γ,γ be two smooth real analytic curves that are tangent at the origin. If γ,γ are equivalent under some formal (resp. biholomorphic) map commuting with ν, then χ n * γ and χ n * γ are equivalent under some formal (resp. biholomorphic) map g, g ′ (0) ∈ R \ {0}, commuting with ν. The converse is also true, if additionally χ γ is not periodic.
Proof. Assume that g(γ) =γ and gν = νg. Write τ = τ γ andτ = τγ. Theñ τ = gτ g −1 . Hence gf C g −1 = ντ ν −1τ implies that g sends χ n * γ into χ n * γ . Since γ andγ are tangent at the origin, it is clear that g ′ (0) is real. Assume now that gν = νg, g ′ (0) ∈ R and χ n *
n * is reversible by both τ and τ 1 , then τ τ 1 commutes with h. Since g ′ (0) is real, then τ τ 1 is tangent to the identity. So τ τ 1 = h t for some t ∈ C. Assume for the sake of contradiction that τ 1 = τ , i.e., that t = 0. Since τ and τ h t are involutions, then h −t+t = τ h t τ h t = id, i.e., t is real. Since ντ ν −1 τ and ντ ν −1τ are centralizers of h and have the same linear part,
for all s ∈ C and for some a = 0. Thus ν −p t = t − s. We know that n * divides p and ν n = 1. Hence ν p = ±1, which leads us only two possible cases: ν p = 1 and t − s = t, or ν p = −1 and t − s = −t. The first case says that νh t ν −1 = h t . In other words, ν is a centralizer of h t , so is h. Recall that centralizers of h t commute, because h t (z) = z + O(2) = id. Hence ν is a centralizer of h. Thus ν −1 and τ ντ , with the same linear part, are periodic centralizers of h; consequently τ ντ = ν −1 . This implies that χ γ = ντ ν −1 τ = ν 2 is periodic, which is a contradiction. The second case says that
n * implies that h 2n * t = id, i.e., t = 0.
Proposition 3.1 is due to Nakai when n = 2, in which case χ γ = id unless γ is equivalent to a straight line by some holomorphic transformation commuting with z → −z.
The equivalence class of an indicator. Let τ (z) = z + · · · be an antiholomorphic involution. We then define f = (ντ ν −1 τ ) n * . Assume that f ∈ A p and f −1 = νf ν −1 . Let
where κ = z + · · · is an anti-holomorphic involution. By Theorem 5.2 we shall see that n is even. Note that since A f is abelian then f ∈ A p is reversible by ν, i.e. f −1 = νf ν −1 , if and only if f 2 is reversible by ν. If f 1 , f 2 are in A f , then we say f 1 ≡ f 2 if there is an h with h ′ (0) ∈ R, hν = νh and f 2 = hf 1 h −1 .
Since νf ν
This in turn equals νκν −1 κ if and only if
Now the right hand side of the above identity is τ ω j f t ν −1 f t . Now using the facts that τ and ν reverse f t and that ν commutes with ω, we verify the claim. Since νf t = g −1 νg and ν reverses f we obtain that ν reverses gf g −1 also.
Of course, there is no unique g so that g −1 νg = νf t but if g 1 and g 2 are two such then g 2 g
. Hence the mapping that associates to each ω j f t ∈Ĉ(f ) the ≡ equivalence class of gf g −1 is well defined. Next we show this mapping is surjective. Suppose that gf g −1 = νκν −1 κ with κ tangent toz and gf g −1 is reversible by ν. This means that νgf g
and hence is equal to f t . We also have κgf g −1 κ = gf −1 g −1 = gτ f τ g −1 and hence that τ g −1 κg ∈Ĉ(f ) and so it is equal to ω j f s . We know that s = t. For we have g
, recalling νων −1 = ω and τ ωτ = ω −1 . Moreover, since κ is tangent toz we see that g ′ (0) must be chosen in the required way. To summarize, given η ∈Ĉ(f ) we have described a well defined way to associate to η a ≡ equivalence class, [η], of A f and that this mapping is onto the set of such equivalence classes.
Next we show that if η j ∈Ĉ(f ) for j = 1, 2 then [η 1 | = [η 2 ] if and only if there exists a φ ∈Ĉ(f ) such that η 1 η −1 2 = φ 2 . First suppose that η j = ω aj f tj ∈Ĉ(f ) for j = 1, 2 and that g j for j = 1, 2 are chosen so that νg
is tangent toz. Now suppose that there is a k so that k ′ (0) ∈ R, kν = νk and
It now follows from the uniqueness that κ 2 = kκ 1 k −1 . This in turn implies that φτ η 1 φ −1 = τ η 2 . Now using the facts that τ reverses η j and φ and φ and η j commute we arrive at φ 2 = η 1 η −1
2 . Next we take η j = ω aj f tj and suppose that there exists φ ∈Ĉ(f ) so that
1 . Note that because of the restrictions on g ′ j (0) it follows that k ′ (0) is real. We have φ = ω a f b with 2b = t 1 −t 2 .
So νkν
= k, since νω = ων. Also the fact that kg 1 f g
2 follows easily.
We have established a one to one correspondence betweenĈ(f )/Ĉ(f ) 2 and A f /≡.
By Theorem 5.2 in section 5 we know that n is even and p/n * is odd. Since n * |δ, then δ is even if and only if n * is even. Hence <ω 2 > = <ω> if and only if n * is odd. This implies that the number of ≡-equivalence classes in A f is exactly two when n * is odd, and is 4 when n * is even.
The formal theory
In this section, we shall derive a formal normal form for smooth real analytic curves in C under mappings commuting with ν. We shall also determine the Kasner invariant functions from the formal normal form.
The formal theory and some consequences for linear indicators. We fist prove Theorem 1.3.
Proof of Theorem 1.3. Let γ ⊂ C be a smooth real analytic curve containing the origin. We need to find a formal biholomorphic mapping g, commuting with ν n , so thatγ = g(γ) is given by y = 0, or bŷ
where the first non-zero coefficient of r(x) + r(−x) is positive if r is not odd, and
Assume that γ is not equivalent to a straight line via maps commuting with ν. By a linear transformation we have
where a m = 1 for even m and a m = ±1 for odd m. If m = kn + 1, put
Then g(γ) is given byŷ = A(x) with A = O(|x| m ). On the other hand,ŷ| γ = Im g(z)| γ = O(|x| m+1 ), which implies that A(x) = O(|x| m+1 ). Now, we may assume that γ is given by (4.1) with n / | m − 1. Assume that g(z) = g kn+1 z kn+1 with g 1 = 0 satisfieŝ
with r m ′ = 1 for m ′ even and r m ′ = ±1 for m ′ odd. We want to show that m ′ = m. This is trivial if g is linear. So we assume that g dn+1 = 0 and g kn+1 = 0 for 0 < k < d. Since γ,γ are tangent to the x-axis, then g 1 is real. Thus
Since both m and m ′ are not equal to dn + 1, one sees from the lowest order terms above that m ′ = m, dn + 1 > m, and a m g 1 = r m g m 1 . The latter implies that r m = a m , and that g 1 = ±1 for m odd and g 1 = 1 for m even.
Fixing g 1 (= ±1), we need to show that for N = kn + 1 or kn + m, one can find unique Re g s−m+1 , Im g s with s ≤ N to achieve r N = 0, while Re g s−m+1 , Im g s are arbitrary for s > N . We apply induction on N . Consider N = ln + 1 first. Comparing coefficients of x N yields (4.3) Re g ln+1 + g Remark. For the purpose of classification of analytic arcs, we remark that under the restriction g ′ (0) > 0 there is a unique formal g sending γ into the formal normal form, except that r m is only restricted to r m = ±1 regardless of whether m is even or not.
Corollary 4.1. Let C be a real analytic curve given by (2.1). Assume that γ cannot be flattened. If f (C(t)) = C(φ(t)) for some formal maps f and φ, then f = id and φ = ± id, and φ = − id holds if and only if C is an arc.
Proof. Assume that f = id. Consider the lifting γ of C via z → z n . Let f (z) = n f (z n ) withf ′ (0) ∈ R so thatf (γ(t)) = γ(φ(t)); in particular,f (γ) = γ as sets. Since f is not the identity, thenf is not the identity either. By the formal normal form, we know that gf g −1 = − id for some formal map g = νgν −1 . Now
The rest of assertions follow from f = id easily.
Applying the above to the curve t → (t + ir(t))
n , we get Corollary 4.2. Let γ be a real analytic curve given by y = r(x). Assume that γ cannot be flattened by some formal mapping commuting with ν n . If there is some formal biholomorphic map f = νf ν −1 satisfying f (γ(t)) = γ(φ(t)), then f is convergent and f 2 = id.
To study the convergence of the formal normalization, we first treat the case that γ is formally equivalent to a line. Proof. Suppose that f ν = νf . Let g(z) = z + if (z). Then gν = νg and g(R) = γ. So g −1 (γ) = R. Suppose that there exists a formal holomorphic map h so that hν = νh and h(γ) = R. With g as above we have hg(R) = R, i.e., all Taylor coefficients of hg are real. We want to show that f ν = νf . Since γ is tangent to the x-axis, then h ′ (0) is real. Replacing h with h
First we show that m ≡ 1 mod n. Recall f (x) = f m x m + · · · with m ≥ 2, f m = 0. If m = nj +1 for all j, the coefficient of x m in (4.5) would be if m x m , a contradiction (recall both f and hg have real coefficients). If f ν = νf then we have
where M ≡ 1 mod n. We will get a contradiction. Write the real power series hg(x) as
The term iax M , with 0 = a ∈ R, must cancel, so there is a term
A uniqueness result on periodic indicators when n = 3, 4. Let
We restate Theorem 1.2 as follows. n τ is periodic but non-linear, then χ is equivalent to χ n,m−1 , or toχ n,m−1 with m odd, under some formal mapping commuting with ν n .
Proof. From section three and the formal normal form we see that χ n,p is periodic and non-linear, when n does not divide 2p.
We may restrict ourselves to c > 0. For if γ is given by y = r(x) = cx m + O(m + 1) with c < 0. We apply the result to ργ : − y = r(x). If a formal mapping g commutes with ν n and sends ργ to a normal form, the mapping ρgρ sends γ to the normal form.
Let τ = τ γ . We know that z ′ = τ (z) is given by
It is clear that h m−1 = i, and that, for k > m,
where h ′ k is a polynomial in r m+1 , . . . , r k−1 with integer coefficients. Assume that k > m ≥ 2. Then
where the omitted terms either depend only on r m+1 , . . . , r k−1 and are of order ≥ m, or of order > m + k − 2. Thus
where the omitted terms either depend only on r m+1 , . . . , r k−1 and are of order > m, or of order > m + k − 1. Now, χ = ντ ν −1 τ has the form
Inductively, we derive the formula
where the omitted terms depend only on A with order > m, or with order
Case n|2(m − 1). Then ντ ν −1 τ is never periodic, since (ντ nu −1 τ ) n * = z + Aν −2 n * z m + O(m + 1) and A = 0. Assume now that n / | 2(m − 1). Consider only the case n = 3, 4. Let
be in the formal normal form. We want to show that for each k > m and k = 1, m mod n, we have
where omitted terms depend only on r m+1 , . . . r k−1 , and α, β = 0. By induction, one sees from c j = 0 for all j > m that there exists at most one solution to r k for each k > m and k = 1, m mod n. On the other hand, we know that for each pair n, m satisfying n / | 2(m − 1) and for the anti-holomorphic involution τ n,m−1 (z) = 
To show (4.6) we treat case by case. Case n = 4. We have ν = i, n * = 2, and m = 2, 3, or 4 mod 4. Consider first m = 2 mod 4 and k = 0, 3 mod 4. When k = 3 mod 4, we have ν 2(k−1) = 1, B k+m−1 = 0 and
where the omitted terms depend on r m+1 , . . . , r k−1 only. When k = 0 mod 4, we have ν 2(k+m−1) = 1 and
where the omitted terms depend on r m+1 , . . . , r k−1 only.
Consider now that m = 3 mod 4 and k = 2, 4 mod 4. In either case we have ν 2(k+m−2) = 1 and c k+m−1 = −2C k + · · · . When k = 2 mod 4, we have
when k = 0 mod 4, we have
Consider now that m = 0 mod 4 and k = 2, 3 mod 4. For k = 2 mod 4, we have ν k+m−2 = 1, B k+m−1 = 0, and
For k = 3 mod 4, we have
Case n = 3. Then m = 0, 2 mod 3. Consider m = 0 mod 3 and k = 2 mod 3. We have B k+m−1 = 0 and
Consider m = 2 mod 3 and k = 0 mod 4. We have B k+m−1 = 0 and
This proves that there is a unique curve in the normal form for which the indicator is periodic, for n = 3 or 4 and m ≥ 2 with n / | 2(m − 1).
Remark. We do not know if all non-linear periodic indicators are formally equivalent to χ n,p if n ≥ 5.
The Kasner invariant functions. Let Γ n,m be the set of formal real curves of the form γ : y = r(x), r m = 0, for which the indicator χ = ν n τ γ ν −1 n τ γ is non-periodic. We say that Q is a formally invariant function of Γ n,m of order m + N , if Q is a real analytic function defined on R * × R N , so that Q(r m , . . . , r m+N ) = Q(r m , . . . ,r m+N ) for all formal curvesγ : y =r(x) satisfying f (γ) =γ for some formal map commuting with ν. The way that Kasner [5] found the invariance functions is remarkable. We proceed to find the invariance functions differently via the formal normal form. It is however not clear if all invariance functions constructed below can be found via Kasner's approach, more precisely, if they satisfy all the algebraic equations constructed by Kasner. From the proof of the formal normal form, we know that there exists a formal map f commuting with ν, so that f (γ) is in the normal form y =r(x), wherer j = 0 when j = 1, m mod n, |r m | = 1 and the first non-zero coefficientr 2l > 0. Recall thatr j is of the form
where P j is a polynomial with integer coefficients, vanishing when r m+1 = · · · = r j−1 = 0, ǫ 2l+1 = 1, and ǫ 2l , with |ǫ 2l | = 1, are independent of j. Thusr j are defined on R * × R j−m . Extendsr j to R * × R N to be constant on x × R N −j+m . Let J = J N be the set of odd integers j, and E = E N the set of even integers e, satisfying j, e = 1, m mod n, and m < j, e ≤ m + N . Allr j ,r e are formally invariant, with the former being analytic.r e (r) is analytic when m is even. When m is odd and e 1 , e 2 ∈ E,r e1re2 are analytic.
Theorem 4.5. Let n, m be positive integers with n / | (m − 1). Let N ≥ 1, and let Q be a formally invariant real analytic function of Γ n,m with order m + N . If m is even, Q is locally an analytic function inr j with j ∈ J N ∪ E N . If m is odd, then Q is locally an analytic function inr j ,r e1re2 with j ∈ J N and e 1 , e 2 ∈ E N .
Proof. We first consider formally invariant functions under a smaller group of formal transformations consisting of g commuting with ν with g ′ (0) > 0. As we have seen in the proof of Theorem 1.3, there is a unique such formal map g so that g(γ) is given by
In fact, using (4.3) and (4.4), we can write
We shall first show that an invariant function Q under the smaller group of transformations is a function of s j , j ∈ J ∪ E. For m ≤ j ≤ m + N and j ∈ J ∪ E, we define s j = r j (so s m = r m ). Then ϕ : r j → s j (r), j = m, . . . , m + N defines a real analytic diffeomorphism of R * × R N . We first show that Q • ϕ −1 depends only on s j for j ∈ J ∪ E. Fix γ * : Γ n,m : y = r * (x). Let g(z) = g ln+1 z ln+1 , g 1 > 0. From (4.3) and (4.4) we see that g(γ * ) =γ : y =r(x) satisfies 9) where P jn+1 depends only on Im g j1n+1 and Re g j2n+1 with j 1 < j and j 2 n < jn − m + 1, and P jn+m depends only on Im g j3n+1 , Re g j4n+1 for j 3 n < jn − m + 1 and j 4 < j. Let R * ×R N −|J|−|E| be the space of coefficients g 1 , Re g j1n+1 , Im g j2n+1 with 0 < j 1 n ≤ N and 1 < j 2 n + 1 ≤ N + m. From (4.9), we see that the identity g(γ * ) = γ defines an embedding F of (0, ∞) × R N −|J|−|E| into R * × R N . In particular, ϕ −1 F is an embedding. By the uniqueness of the formal normal form, we know that s j F is constant for j ∈ J ∪E. By the assumption, Q(ϕ −1 F ) =Q(s•F ) is constant. Counting dimensions, we see thatQ depends on only s j for j ∈ J ∪ E.
When m is even, we know thatr j (r) = s j (r) for j ∈ J andr j (r) = rm |rm| s j (r) for j ∈ E. Hence Q is analytic inr j for j ∈ J N ∪ E N .
Consider now that m is odd. For r ≡ (r m , . . . , r N +m ) near r * ≡ (r * m , . . . , r * N +m ), we have shown that
where α = (α 1 , . . . , α |J| ) and β = (β 1 , . . . , β |E| ) with α j ∈ J and β j ∈ E. Assume first that s * e0 = 0 for some e 0 ∈ E. In this case, write the mapping ψ : (r m , . . . , r N +m ) → s(r) ∈ R |J|+|E| as r → ({r j (r), j ∈ J}, 1 s e0 (r) {r e0 (r)r e (r), e ∈ E}).
Locally, 1 se 0 (r) is a power series inr 2 e0 (r) −r 2 e0 (r * ). Now one sees that Q is a convergent power series inr j (r)−r j (r * ) for j ∈ J and inr e1 (r)r e2 (r)−r e1 (r * )r e2 (r * ) for e 1 , e 2 ∈ E. Next assume all s * e = 0. Note that y = s(x) is equivalent to y = −s(−x) for all s. Hence
We get Q αβ = 0 when |β| is odd. With s * e = 0 for all e ∈ E the induction on dimension shows that Q is a power series in s j − s * j =r j −r * j for j ∈ J and in s e1 s e2 =r e1re2 for e 1 , e 2 ∈ E.
The classification of curves when iterated indicators are reversible
In this section all smooth real analytic curves are tangent to the y-axis, unless stated otherwise. Thus the corresponding anti-holomorphic involutions are tangent to σ(z) = −z.
In this section we shall apply the Ecalle-Voronin theory to construct a moduli space for the real analytic curves whose indicator χ = ν n τ ν 
be a formal map reversible by a linear map ν : z → νz and by a formal anti-holomorphic map τ (z) = −z + O(2). Then there exists a formal holomorphic map g with g ′ (0) ∈ R \ {0} and gν = νg so that gf g −1 = f p,0 when p is odd and gf g
Thus f p+1 is real when p is odd, and is pure-imaginary otherwise. Obviously,
Applying a linear map z → az with a ∈ R, one may assume that f p+1 = µ 0 when p is odd, and that f p+1 = ±µ 0 when p is even. For the latter we may also assume that f p+1 = µ 0 , by applying the argument to f −1 . Let g(z) be the unique formal map with g 1 = 1 and g p+1 = 0 so that gf g −1 = f p,λ . Now f p,λ is reversible by some formal holomorphic map. On the other hand,
Since f is reversed by the formal map gνg −1 , we have
Thus the uniqueness implies νgν −1 = g.
Put n * = n/2 for n even and n * = n for n odd.
Theorem 5.2. Let χ = ντ ν −1 τ and f = χ n * , where ν(z) = e 2πi/n z and τ (z) = −z + O(2) is an anti-holomorphic involution. Assume that f ∈ A p and νf ν −1 = f −1 . Then n is even and 2p/n is odd. There is a formal holomorphic map g commuting with ν so that gf g −1 = f p,0 and gτ g −1 = σf 1 n p,0 , or so that gf g
The latter can occur only when p is even.
Proof. We have χ n * ∈ A p , and hence n * |p. Since ν = e 2πi/n and ν p = −1, we conclude that p/n = 1/2 + k. Hence 2p = (2k + 1)n. This shows that n is even and p = n * (2k + 1).
By Lemma 5.1, there is g = νgν −1 with g ′ (0) ∈ R so that gf g
, we know thatτ = σf t p,0 . Nowτ 2 = id implies that t is real, and (ντ ν −1τ ) n * = f p,0 implies that t = 1 n , or that t = −1/n and p is even.
Let K n,p be the set of smooth real analytic curves γ with f = χ n * ∈ A p . Let K r n,p be the set of the curves γ satisfying the additional condition ν −1 f ν = f −1 . Let K r n,p /∼ be the set of holomorphic equivalence classes of K r n,p under biholomorphic maps commuting with ν n .
We shall now identify K r n,p /∼, by using the Ecalle-Voronin theory. Let us recall the Ecalle-Voronin theory [3] , [8] (see also [6] , [4] ). Here we shall follow notations in [1] .
Fix a positive integer p. Let A * p be the set of holomorphic mappings
We say that Ω j , A j , j = 1, . . . , 2p are a canonical collection for f ∈ A * p , if the following i-v) hold i) Ω j , j = 1, . . . , 2p, are connected and simply connected domains of C, whose union is a punctured neighborhood of 0 ∈ C. Ω 2j+1 ∩ Ω 2k+1 = Ω 2j ∩ Ω 2k = ∅ for k = j mod p. ii) Denote by y + the germ of sectors at the origin, centered along the positive imaginary axis, i.e., a sector of the form {z : O < |z| < r, | arg z − π 2 | < ǫ} for some r, ǫ > 0. Then Ω j ∩ Ω j+1 contains √ µ j y + . (Combining with i)
iii) A j : Ω j →Ω j = A j (Ω j ) are conformal and satisfy
For any ǫ ′ > 0 and any punctured neighborhood ω ′ of origin, the union
is a punctured neighborhood of the origin, and is contained in
In the above, we already take A j+2p = A j and Ω j+2p = Ω j for j ∈ Z. This convention will be used throughout our discussion. It is essential that if {A j , Ω j }, {Ã j ,Ω j } are two canonical collections of f thenÃ j − A j = c j are constants on some domainsΩ j ⊂ Ω j ∩Ω j ; see [8] or [1] .
Let L c be the translation z → z + c. Put
Let M p be the set of holomorphic functions Φ 1 , . . . , Φ 2p , for which Φ j (ξ) − ξ is bounded and of period 1 on the half-plane Π p,j (ǫ). Let n = 2n * . Let M r n,p be the set of Φ 1 , . . . , Φ 2p satisfying Φ j+p/n * = IΦ j I, Φ
Of course the first identity above implies that p/n * is odd. For Φ,Φ ∈ M r n,p , denote Φ ∼Φ, ifΦ
Note that for the above identity to make sense, p must be even.
Theorem 5.3. When p is odd, there is a one-to-one correspondence between K r n,p /∼ and M r n,p /∼. When p is even, there is a one-to-one correspondence between K r n,p /∼ and the disjoint union of two copies of M r n,p /∼. Proof. Let γ be a smooth real analytic curve tangent to the y-axis. Let τ = τ γ be the anti-holomorphic involution of γ. Put f 0 = (ντ ν −1 τ ) n * . Notice that the sign of f 0,p+1 in f 0 (z) = z + f 0,p+1 z p+1 + O(p + 2) is an invariant, when p is even. When p is even we want to show that there is a one-toone correspondence between the set of equivalence classes of real analytic curves that are formally equivalent to the curve defined by σf 1/n p,0 (z) = z and the set of equivalence classes of real analytic curves that are formally equivalent to the curve defined by σf −1/n p,0 (z) = z. To that end, notice that gτ 1 g −1 = τ 2 , if and only if gτ 1g −1 =τ 2 forτ j = στ j σ andg = σgσ. Also, note that gν = νg holds if and only ifgν = νg and that σ(σf 1/n p,0 )σ = σf −1/n p,0 . Therefore, sending γ to σγ yields a one-to-one correspondence between the two sets. Thus we can restrict ourselves to the case f 0,p+1 > 0 to describe the moduli space, when p is even.
Write e ǫ2πi/n = √ µ p/n * with ǫ = ±1. By Theorem 5.2, there is a polynomial g = νgν −1 with g ′ (0) ∈ R so that f 1 (z) = gf 0 g −1 (z) = f p,0 (z) + O(2p + 2). Let A j ,Ω j be a set of canonical collection of f 1 so that f 1 =Ã . The latter is equivalent to σL 1/2 Φ 1 be an anti-holomorphic involution. In coordinates z = e 2πiξ , Φ 1 is identified with an arc that is tangent to the negative y-axis at the origin and is extendable to a smooth real analytic curve, i.e., identified with a real analytic curve tangent to the y-axis.
